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Abstract14

Exploring large-scale networks is a time consuming and expensive task which is usually operated15

in a complex and uncertain environment. A crucial aspect of network exploration is the development16

of suitable strategies that decide which nodes and edges to probe at each stage of the process.17

To model this process, we introduce the stochastic graph exploration problem. The input is an18

undirected graph G = (V,E) with a source vertex s, stochastic edge costs drawn from a distribution19

πe, e ∈ E, and rewards on vertices of maximum value R. The goal is to find a set F of edges of total20

cost at most B such that the subgraph of G induced by F is connected, contains s, and maximizes21

the total reward. This problem generalizes the stochastic knapsack problem and other stochastic22

probing problems recently studied.23

Our focus is on the development of efficient nonadaptive strategies that are competitive against24

the optimal adaptive strategy. A major challenge is the fact that the problem has an Ω(n) adaptivity25

gap even on a tree of n vertices. This is in sharp contrast with O(1) adaptivity gap of the stochastic26

knapsack problem, which is a special case of our problem. We circumvent this negative result by27

showing that O(lognR) resource augmentation suffices to obtain O(1) approximation on trees and28

O(lognR) approximation on general graphs. To achieve this result, we reduce stochastic graph29

exploration to a memoryless process—the minesweeper problem—which assigns to every edge a30

probability that the process terminates when the edge is probed. For this problem, interesting in its31

own, we present an optimal polynomial time algorithm on trees and an O(lognR) approximation32

for general graphs.33

We study also the problem in which the maximum cost of an edge is a logarithmic fraction of34

the budget. We show that under this condition, there exist polynomial-time oblivious strategies that35

use 1 + ε budget, whose adaptivity gaps on trees and general graphs are 1 + ε and 8 + ε, respectively.36

Finally, we provide additional results on the structure and the complexity of nonadaptive and37

adaptive strategies.38

2012 ACM Subject Classification Theory of computation → Graph algorithms analysis; Theory of39

computation → Stochastic approximation40

Keywords and phrases stochastic optimization, graph exploration, approximation algorithms41

Digital Object Identifier 10.4230/LIPIcs.ICALP.2019.13142

∗ Partially done while the authors were visiting the Algorithms and Uncertainty program at the Simons
Institute for the Theory of Computing, Berkeley. The authors would like to thank Yossi Azar, Anupam
Gupta, Peter Auer and C. Seshadhri for fruitful discussions.

1 Partially supported by ERC Advanced Grant 788893 AMDROMA ”Algorithmic and Mechanism Design
Research in Online Markets”.

EA
T

C
S

© Aris Anagnostopoulos, Ilan R. Cohen, Stefano Leonardi and Jakub Łącki;
licensed under Creative Commons License CC-BY

46th International Colloquium on Automata, Languages, and Programming (ICALP 2019).
Editors: Christel Baier, Ioannis Chatzigiannakis, Paola Flocchini, and Stefano Leonardi;
Article No. 131; pp. 131:1–131:29

Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

mailto:aris@diag.uniroma1.it
mailto:ilanrcohen@gmail.com
mailto:leonardi@diag.uniroma1.it
mailto:jlacki@google.com
https://doi.org/10.4230/LIPIcs.ICALP.2019.131
https://creativecommons.org/licenses/by/3.0/
https://www.dagstuhl.de/lipics/
https://www.dagstuhl.de


131:2 Stochastic Graph Exploration

1 Introduction43

Exploring networked data is a time consuming and expensive task which is also subject to44

several limitations. For example, social networks can be explored only through the use of45

specific APIs made available by the provider which restrict the number of nodes that can46

be probed and limit the number of neighbors of each node that can be discovered with one47

probe. The cost and the difficulty of exploring large-scale networks can be an obstacle to48

collecting suitable snapshots for the purpose of testing new network analysis tools. The49

testing is more often executed on static networks made available in public repositories [20,21]50

collected in the past for other purposes. It is therefore of crucial importance the development51

of effective and efficient methods to explore large-scale networks.52

The core of a network exploration method is the definition of a probing strategy that53

decides which nodes or edges to probe at each stage of the process. Both the edge-probe54

and the node-probe models are useful in this setting. In the case of the exploration of social55

networks, a node-probing strategy allows to gain knowledge on a subset of the neighbors56

of the probed node. In the case of the exploration of the Twitter graph, an edge-probing57

strategy allows to gain information on those tweets of a user that are retweeted from his58

followers.59

One main difficulty in the definition of an effective probing strategy is the intrinsic60

uncertain nature in terms of cost and probability of success of the process of discovering links61

in a network, especially if these links represent complex relationships between nodes. In order62

to confirm the existence of a link between two nodes, it may be required to execute several63

experiments whose outcome cannot be predicted in advance. Examples are the in-vitro64

reactions between proteins needed to discover protein-to-protein interaction networks [8, 26]65

or the influence between humans in social networks.66

The second main difficulty stems from the adaptive nature of the optimal probing strategy67

that needs to be updated from time to time while new parts of the network are discovered.68

Adaptive strategies are computationally expensive, given that they must be continuously69

updated. In the case of large network exploration, the communication cost of adaptive70

strategies is also high since many machines are usually working in parallel at the exploration71

process, and the updated strategy must be communicated to the machines participating in72

the process. We are therefore interested in devising nonadaptive probing strategies that are73

simple and that define the sequence of probes in advance before the process is started. The74

obvious drawback is that nonadaptive probing strategies may be suboptimal.75

Several recent works [19,24,25] have focused on the task of exploring real-world networks76

when a limited budget is available. However, these papers do not provide a comprehensive77

theoretical study of these problems. In this work we initiated the study of exploring an78

undirected network from a root node. The graph has costs on the edges and rewards on the79

vertices. A budget limits the total cost of the of the graph edges that are probed.80

More formally, the input of the stochastic graph exploration problem is an undirected81

graph G = (V,E) with a source vertex s ∈ V , stochastic edge costs C : E → R≥0 distributed82

according to πe, e ∈ E, and deterministic rewards of vertices w : V → R≥0. (The model83

can be easily extended to rewards distributed according to independent random variables.)84

During the graph-exploration process we construct a set of edges F ⊆ E that we probe and85

we traverse. All vertices of the subgraph of G spanned by F must be connected to s via the86

edges of F . We probe edges one by one and we add them to F . The actual cost of an edge e,87

drawn from the distribution πe, is revealed only when the edge is traversed. The goal is to88

maximize the total reward from the vertices spanned by the edge set F while the total cost89
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of the edges in F remains bounded by a prespecified budget B. As soon as we probe an edge90

such that the total cost exceeds B the process terminates.91

In the stochastic graph exploration problem, we aim to design simple polynomial-time92

computable nonadaptive strategies with a reward as close as possible to the reward obtained93

by the optimal adaptive strategy, which decides on the next edge to be traversed after the94

cost of all previously traversed edges is revealed (see Section 2 for precise definitions). This95

is customary in a class of stochastic optimization problems [6], for which it is common to96

bound the adaptivity gap of the nonadaptive strategy.97

The stochastic graph exploration problem generalizes some important stochastic opti-98

mization problems. If the graph G is a star graph, our problem models exactly the stochastic99

knapsack problem [6, 10]. Stochastic knapsack admits an O(1) adaptivity gap, that is, there100

exists an optimal nonadaptive strategy, which approximates the optimal adaptive strategy101

up to a constant factor. The nonadaptive strategy is devised by exploiting a suitable LP102

relaxation for the problem because the standard formulation has an unbounded integrality103

gap defined as the worst-case ratio between the optimal integral cost and optimal fractional104

cost of the LP. In the LP version of the problem that is used, the costs of the edges are105

reduced to their truncated (by the maximum budget) expected costs and the rewards are106

also reduced by the probability that the cost of the item is below the maximum budget.107

If the network we need to explore is a tree, the stochastic graph problem is a stochastic108

knapsack problem with precedence constraints: only a subset of items are available in the109

beginning and adding each item to the knapsack will make some new items—the direct110

descendants of the explored node—available. Unfortunately, as opposed to the knapsack111

problem, the adaptivity gap of the stochastic graph exploration problem that we consider112

is unbounded even on a tree network and therefore the LP-based approach of stochastic113

knapsack cannot directly be extended.114

The stochastic graph exploration problem also models stochastic graph probing problems.115

Probing problems in graphs have been introduced [9,16] because of their applications to kidney116

exchange and online dating. Consider a probing probability for each edge p : E → [0, 1],117

that is, edge e will materialize with probability p(e) each time is probed, independently of118

the other edges and of the previous probes. The goal is to maximize the number of vertices119

that are connected to a source vertex s by the set F of edges that have been successfully120

probed when the total number of probes is limited by B. Nonadaptive strategies probe a list121

of edges in a sequence till success or the total budget B is reached. The stochastic graph122

exploration problem we study models the stochastic graph probing problem by setting the123

costs of the edges distributed according to Pr(Ce = i) = (1− p(e))i−1p(e), with i being the124

number of probes needed to discover edge e.125

1.1 Summary of Our Results126

Our main contribution is the definition of the stochastic graph exploration problem and the127

study of the adaptivity gap of nonadaptive probing strategies. Here is a summary of our128

results:129

Our first result is an Ω(n) adaptivity gap for the stochastic graph exploration problem130

even on a spider graph, which is a tree containing a single node of degree more than two.131

(Observe that the problem for a simple path is easy because the optimal strategy will traverse132

sequentially the edges of the path starting from the root.)133

One first direction we pursue to circumvent the impossibility result is to allow a limited134

amount of resource augmentation: instead of using budget B, we allow the algorithm to use a135

budget of β ·B, for some value of β. We call an algorithm (α, β)-approximate if it computes136

I C A L P 2 0 1 9
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a strategy which uses budget β ·B, and obtains an expected reward of at least 1/α times the137

optimal reward (obtained by an adaptive algorithm). We present polynomial time computable138

nonadaptive strategies in a graph of n vertices that are (O(1), O(lognR))-approximate for139

trees and (O(lognR), O(lognR))-approximate for general graphs, with R being the maximum140

reward of a vertex.141

The idea is to transform the stochastic exploration problem into a memoryless stochastic142

process, which we call the minesweeper problem, and which may be of independent interest.143

In the minesweeper problem, the budget and the edge costs are replaced by probabilities144

p(e), which are specified for every edge e. When an edge e is probed, the process stops with145

probability 1− p(e). Hence, the final reward of a vertex is discounted by the probability that146

the strategy does not stop before the vertex is acquired. The minesweeper problem is, in fact,147

a special case of stochastic graph exploration, where the support of each πe (distribution of148

cost of edge e) is {0, B + 1} and the budget is B.149

We prove that an α-approximate strategy for the minesweeper problem implies an150

(O(α), O(lognR))-approximate nonadaptive strategy for the stochastic graph exploration151

problem. The idea of the reduction is as follows. We construct a minesweeper problem152

instance, where p(e) = Pr(πe < XB), where XB is random variable that follows an expo-153

nential distribution with parameter B. We first show that, for any subset of edges F , the154

probability that their total cost in the stochastic graph exploration is at most B is at most a155

constant factor of the probability that minesweeper would stop on this set. On the other156

hand, the expected additional reward that can be achieved from minesweeper after the total157

cost becomes larger than O(B lognR) is negligible.158

We then show how to compute in polynomial time an optimal strategy for the minesweeper159

problem on trees and an O(lognR)-approximate strategy on general graphs. These results im-160

ply imply an (O(1), O(lognR))-approximate strategy for trees and an (O(lognR), O(lognR))-161

approximate strategy for general graphs. To show the optimal result on trees we prove162

two facts. First, the order of traversal of the edges in each subtree can be determined163

independently. Second, we show a simple optimality condition which helps us determine how164

many edges from each subtree should be probed before switching to a different subtree. We165

remark that our approach is in a spirit similar to the greedy optimal strategy defined by166

the Gittins index [11, 12] for multi-armed bandit problems. However, differently from the167

standard setting of the Gittins index, in the minesweeper problem, a whole new set of arms168

is made available for each node of the tree reached by the exploration process. Moreover,169

in the minesweeper problem, the discount factor is not constant because it depends on the170

probability assigned to the traversed edge. This approach is not viable for general graphs,171

and we provide an approximate solution instead, by showing a reduction of minesweeper to172

max-prize problem [7].173

We also pursue a second direction to circumvent the lower bound on the adaptivity174

gap for trees: we restrict the distributions by considering the case when the edge costs are175

bounded by ε2B
c logn for a suitable constant c. We show, under this condition, the existence of176

a polynomial time computable (1 + ε, 1 + ε)-approximate nonadaptive strategy for trees and177

(1 + ε, 8 + ε)-approximate nonadaptive strategy for any graph G. We note that this approach178

can be extended to prove a result with resource augmentation similar to the one we obtained179

through reduction to the minesweeper problem. Yet, we believe that both the minesweeper180

problem and the reduction technique can be of independent interest.181

Our final result is related to the problem of finding a nonadaptive probing strategy that182

is (o(n), O(1))-approximate. We leave open this challenging problem even for trees. However,183

we establish an interesting result for the characterization of nonadaptive strategies. We prove184
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that any nonadaptive strategy that probes edges in order until it succeeds or until the budget185

is exceeded can be (O(1), O(1))-approximated by a set strategy, which probes all edges at186

once and obtains a reward only if all edges of a set are successfully probed within budget.187

We specifically prove that the adaptivity gap of a nonadaptive strategy can be approximated188

up to a factor of 6 by a set strategy that uses budget 9B. We use this result to give an189

algorithm for finding a strategy for trees, which is (O(1), O(1))-approximate, compared to190

the best nonadaptive strategy. Surprisingly, the resulting strategy is adaptive.191

1.2 Related Work192

The adaptivity gap of stochastic problems has been studied for the knapsack problem [6, 10]193

which is a special case of the problem we study. The adaptivity gap has also been studied194

for budgeted multi-armed bandits [13, 14, 22] by resorting to suitable linear programming195

relaxation. Differently from previous work on budgeted multi-armed bandit problems, we196

consider the setting in which new arms appear after some arms are pulled. Stochastic probing197

problems have also been studied for matching [1, 4, 9] motivated from kidney exchange and198

for more general classes of matroid optimization problems [16,17].199

The stochastic graph exploration problem we introduce is also related to the stochastic200

orienteering problem [5, 15]. In stochastic orienteering, the set of traversed edges must form201

a path in a metric graph with deterministic costs on the edges, while the time spent on a202

node is a random variable, which follows an a-priori known distribution. In stochastic graph203

exploration, the random variables are the costs of the edges of the graph but we cannot204

ensure that the costs on the edges form a metric since the random variables are independent.205

1.3 Organization of the Paper206

In Section 2 we formally define our problems. In Section 3 we show the lower bounds on207

the adaptivity gap for stochastic graph exploration. In Section 4 we show our reduction208

to the minesweeper problem and our results for stochastic graph exploration with resource209

augmentation. In Section 5 we present a near-optimal set strategy for trees. In Section 6 we210

present our results for the case of edges of small costs and, finally, in Section 7 we study the211

power of resource augmentation for relating the cost of nonadaptive strategies to the cost of212

optimal set strategies.213

2 Problem Definition214

We start by an auxiliary definition. Let G = (V,E), with |V | = n, be an undirected graph215

and s ∈ V . We say that a set F ⊆ E is connected to s if F induces a connected subgraph of216

G and s is the endpoint of at least one e ∈ F .217

Let us now define the StochasticExploration problem (in the following sometimes218

abbreviated by SGE). This problem instance is given by a tuple (G, s, C,w), where G is an219

undirected graph G = (V,E), s ∈ V is a source vertex, C is a function that assigns stochastic220

edge costs to each edge, and w : V → R≥0 is a function that assigns (deterministic) reward221

to each vertex.2 And we denote R as the maximum reward of a vertex i.e. R = maxv∈V w(v).222

Formally, for each e ∈ E, C(e) is a random variable distributed according to πe that takes223

2 The results hold also if the rewards are random variables that are independent of each other and the
edge costs. It suffices to replace each reward with its expected value.

I C A L P 2 0 1 9
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values in R≥0, all random variables C(e) being jointly independent. For an edge (u, v) we224

will often denote C(u, v) = C((u, v)).225

Consider the following single-player game. The player has an initial budget of B (B = 1226

if not specified) and maintains an initially empty subset F of E, which we call the set of227

acquired edges. In each step the player can choose an edge e ∈ E \ F and probe it (if F = E,228

the game finishes). Probing an edge e is only allowed when F ∪ {e} is connected to s. When229

e is probed, the actual cost C(e) of e, drawn from the distribution πe, is revealed. If the cost230

e is not greater than the remaining budget, e is acquired (added to F ) and C(e) is subtracted231

from the budget. If C(e) exceeds the remaining budget, the game finishes. The goal of the232

player is to maximize the final payoff of F , which is the total reward of all vertices in the233

subgraph of G induced by F .234

Let us now define the MineSweeper problem, which we often abbreviate to MS. This235

problem is defined by a tuple (G, s, p, w), where G is an undirected graph, s ∈ V is a236

start vertex, p : E → [0, 1] is a function that assigns to each edge e the probability that237

e materializes and w : V → R≥0 is a function that assigns (deterministic) reward to each238

vertex. The only difference between MS and SGE is in how edges are probed. There are no239

edge costs or budget. Instead, whenever an edge e is probed, it materializes (independently240

of the other edges) with probability p(e) and is acquired immediately. If the edge does241

not materialize, the process ends immediately. Note that as in SGE, probing an edge e is242

only allowed when F ∪ {e} is connected to s. Note that the MineSweeper problem is a243

special case of the StochasticExploration problem, by letting, for each edge e, πe be244

the distribution in which with probability p(e) we obtain the value 0 and with probability245

1− p(e) the value B + 1.246

We consider the following types of strategies for both problems:247

An adaptive strategy is a mapping from the set of already acquired edges (and the248

remaining budget, in the case of SGE) to the next edge to be probed.249

A nonadaptive strategy, also called a list strategy, is described by a sequence e1, . . . , ek250

consisting of distinct elements of E, such that for each 1 ≤ i ≤ k, the set {e1, . . . , ei} is251

connected to s. In this strategy, the edges are simply probed according to their order in252

the sequence.253

A set strategy is a nonadaptive strategy with the additional restriction that it does not254

obtain any payoff if it does not acquire all edges from the list.3255

For a strategy S for SGE, we denote by r(ISGE, S,B) the expected payoff of strategy S for256

the SGE problem instance ISGE = (G, s, C,w) with initial budget of B, which is the expected257

reward of the set of nodes in the returned solution. When B = 1 we sometimes omit the258

third argument of r(·). Similarly, we denote by rMS(IMS, S) the expected payoff of strategy259

S for the MS problem instance IMS. We call a strategy S optimal for I with budget B, if260

for all strategies S′, r(I, S,B) ≥ r(I, S′, B). Let OPTad be the optimal adaptive strategy261

for the SGE problem and OPTna be the optimal nonadaptive strategy. We call a strategy262

S α-approximate, if for each instance I, r(I, S) ≥ 1/α · r(I,OPTad). Finally, an algorithm263

ALG is (α, β)-approximate if for any instance I it computes a α-approximate strategy by264

using a β factor resource augmentation, i.e. r(I,ALG(I), β ·B) ≥ 1/α · r(I,OPTad, B).265

3 Note that we abuse earlier definitions slightly for the sake of simplicity.
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u2

C(s,ui) =

{
2−i, w.p. 1− 1

ℓ

0, otherwise

v2 vi

u1

v1

ui uℓ

vℓ

s

C(ui,vi) = 1−2−i+2−(ℓ+1), w.p. 1

w(ui) = 0

w(vi) = T

Figure 1 An instance in which the optimal adaptive strategy obtains a payoff which is Ω(n)
larger than the payoff of the optimal nonadaptive strategy.

3 Lower Bounds266

In this section we prove a lower bound on the adaptivity gap of StochasticExploration.267

Namely, we show an instance ILB = (G, s, C,w) such that r(ILB ,OPTad)/r(ILB ,OPTna) =268

Ω(n), where OPTad and OPTna denote the optimal adaptive and nonadaptive strategies.269

The instance ILB is shown in Figure 1. The graph G contains the set of nodes270

{s, u1, u2, . . . , u`, v1, . . . , v`}, and the set of edges (s, ui) and (ui, vi) for each i ∈ [`]. For each271

i ∈ [`] we set w(ui) = 0, w(vi) = T , C(s, ui) = 2−i with probability 1− 1/l and 0 otherwise,272

and C(ui, vi) = 1− 2−i + 2−(`+1) with probability 1.273

I Lemma 1. Let OPTad and OPTna denote the optimal adaptive and nonadaptive strategies274

for instance ILB. Then, r(ILB ,OPTad)/r(ILB ,OPTna) = Ω(n).275

One natural approach for StochasticExploration instance is to replace the stochas-276

tic edge costs with the truncated expected costs, that is, set the cost of an edge e to277

E[min{1, C(e)}]. However as this following example illustrates this approach does not lead278

to a good solution, even if constant budget augmentation is allowed.279

I Lemma 2. Let OPTad denote the optimal adaptive strategy for an instance I and let n280

be the number of vertices in the instance. Let OPTna be the optimal nonadaptive strategy281

computed on instance ITR obtained from I by setting edge costs E[min{1, C(e)}], e ∈ E.282

Assume the nonadaptive algorithm is allowed to use a budget of 1 < c < n/10. Then, there283

exists an instance I such that r(I,OPTad)/r(ITR,OPTna) = Ω(n/22c).284

4 The General Case and the Minesweeper Problem285

In this section we describe algorithms for solving StochasticExploration, which use286

logarithmic budget augmentation. We first show how to reduce an instance of SGE to287

MineSweeper and then present solutions for MineSweeper on trees and general graphs.288

During the description of the reduction we also introduce the logarithmic budget augmentation.289

First, we observe that in the MineSweeper problem we do not have budget so there is no290

history that an algorithm may have to remember, except for the edges that it has probed291

(and succeeded). This implies the following:292

I Observation 3. There exists an optimal strategy for the MineSweeper problem that is293

nonadaptive.294

I C A L P 2 0 1 9
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4.1 Reduction from StochasticExploration to MineSweeper295

In this section we show how, given an instance ISGE = (G, s, C,w) of StochasticExploration,296

we transform it to an instance IMS = (G, s, p, w) of MineSweeper. The graph and the297

rewards remain the same; the challenge is to define the correct edge probability function p(·)298

for MS and relate it to the cost function C(·) of SGE. For each edge e′ we transform the299

cost distribution C(e′) to the probability that the edge materializes, p(e′) (a scalar). Let Xe′300

be a random variable distributed according to the exponential distribution with parameter 1,301

let ce′ be the cost, which is distributed according to C(e′), and we set p(e′) = Pr(Xe′ > ce′).302

Next we show how this choice couples the two problems.303

First, we show that for any subset of edges F the probability that their total cost in304

SGE is at most 1 is at most a factor e times of the probability that all the edges in F305

materialize, and therefore MS does not stop on this set. Let EF be the event that all the306

edges in F materialize and GF the event that
∑
e′∈F ce′ ≤ 1. The following lemma makes307

use of properties of the exponential distribution.308

I Lemma 4. For any F ⊆ E we have that Pr(GF ) ≤ e ·Pr(EF ).309

This lemma allows us to prove the following lemma, which gives a strategy for MS that310

is competitive with the optimal adaptive strategy for SGE. The idea behind the proof is to311

define a strategy for MS in such a way that we can couple the execution of the two strategies312

in the corresponding problems.313

I Lemma 5. Consider an SGE instance ISGE = (G, s, C,w) and let IMS = (G, s, p, w) be314

an instance for MS as defined previously. Let OPTad denote the optimal adaptive strategy315

for SGE and OPTMS the optimal strategy for MS. We have that316

r((G, s, C,w),OPTad, 1) ≤ e · rMS((G, s, C,w),OPTMS).317

Recall from Observation 3 that the optimal strategy for the MineSweeper problem is318

nonadaptive, therefore it can be specified by a list of edges that are selected sequentially319

until for one of them there is a failure. Let OPTMS be such an optimal sequence of edges.320

Next we show that the sequence of edges OPTMS can provide an approximate result to the321

StochasticExploration problem if we allow for some budget augmentation.322

I Lemma 6. Consider an SGE instance ISGE = (G, s, C,w) and let IMS = (G, s, p, w) be323

an instance for MS as defined previously. Let OPTMS be the optimal sequence of edges for the324

MineSweeper instance, and let S be the (nonadaptive) strategy for StochasticExploration325

that probes the same edges, in the same order. Then we have that326

r((G, s, C,w), S, 2 ln(nR)) ≥ rMS((G, s, C,w),OPTMS)− o(1),327

where R = maxv∈V w(v).328

Collecting the results of Lemmas 5 and 6 we obtain the following theorem.329

I Theorem 7. Consider an SGE instance ISGE = (G, s, C,w) and let IMS = (G, s, p, w) be330

an instance for MS as defined previously. Then331

r((G, s, C,w),OPTna, 2 ln(nR))+o(1) ≥ rMS((G, s, C,w),OPTMS) ≥ r((G, s, C,w), 1,OPTad)
e

.332
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4.2 MineSweeper on Trees333

We show that the minesweeper problem on trees can be solved optimally in near-linear time.334

I Theorem 8. Consider the instance I = (T, s, p, w) of the minesweeper problem, where335

T is a tree. The optimal strategy, OPTMS, for MineSweeper on T can be computed in336

O(n logn) time, where n is the number of vertices of T .337

The algorithm is surprisingly simple and based on a greedy approach. We define the338

utility of an edge to be the expected payoff from probing it, divided by the probability that339

the edge does not materialize. The algorithm is based on two observations. First, we observe340

that if there is a node x in the graph with a single child y and the utility of the edge xy is341

larger than the utility of the edge connecting x and its parent, then without loss of optimality342

we can assume that the edge xy is probed right after the edge connecting x and its parent,343

so we can merge these two edges into a single one. Second, if there is a node x, such that one344

can probe all edges in the subtree of x in the order of decreasing utilities (and not violate345

the constraint that an edge can be probed only after one of its endpoints has been acquired)346

then one can replace the entire subtree of x with a line, which is a subtree imposing the347

concrete order of probing edges. It turns out that by using both these rules one can find the348

optimal order of probing edges efficiently.349

We obtain the algorithm by generalizing some existing results from the area of scheduling.350

At the same time our analysis is arguably simpler. We give the proof of Theorem 8 in the351

full version of the paper.352

4.3 MineSweeper on general graphs353

In this section we present an algorithmic solution to Minesweeper for general graphs, which354

provides a bicriteria approximation for our problem. We prove the following theorem.355

I Theorem 9. Consider the instance I = (G, s, p, w) of the minesweeper problem, where356

G = (V,E) is an undirected graph. An O(lognR)-approximate strategy can be computed in357

polynomial time.358

In the following we provide a sketch of the proof. Assume that the optimal solution is359

the sequence of edges S∗ = (e1, . . . , ek). We first observe that the edges in S∗ must form360

a tree. Define M(E′) to be the event that all the edges in the set E′ materialize. Also let361

w(e1, . . . , ei) =
∑i
j=1 w(ei). Then S∗ is a sequence that maximizes362

O∗ =
k∑
i=1

Pr(M({e1, . . . , ei}),¬M({ei+1)})) · w(e1, . . . , ei) .363

For ` = 0, 1, . . . , lnnR, define I(`) to be all values j such that w(e1, . . . , ej) ∈ [2`, 2`+1−1],364

and ι(`) to be the smallest such j.365

We can write after some manipulations:366

O∗ ≤
lnnR∑
`=0

2w(e1, . . . , eι(`)) ·Pr
(
M({e1, . . . , eι(`))}

)
≤ 2 ln(nR) · w(Ẽ) ·Pr

(
M(Ẽ)

)
,367

with Ẽ ⊂ E being the set of edges that defines a tree that contains s and maximizes368

w(Ẽ) · Pr
(
M(Ẽ)

)
. Therefore, our goal becomes that of finding that set of edges Ẽ that369

forms a tree and maximizes w(Ẽ) ·Pr
(
M(Ẽ)

)
.370
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For this purpose, we use the problem of max-prize tree. In the max-prize tree [7] we are371

given an undirected graph G = (V,E) with a source vertex s ∈ V , (deterministic) edge costs372

c : E → R≥0, deterministic rewards on the vertices w : V → R≥0, and a budget B ∈ R. The373

objective is to build a subgraph G′ = (V ′, E′) of G such that (1) G′ is a tree, (2) s ∈ V ′, and374

(3)
∑
e∈E′ c(e) ≤ B, that maximizes

∑
v∈V ′ w(v).375

We use for our approximation the 8-approximation algorithm for the max-prize–tree376

problem given by Blum et al. [7].377

5 Approximating Set Strategy on Trees378

In this section we show an algorithm for computing a strategy for trees, which is (1, 1 + ε)-379

approximate compared to the optimal set strategy. The strategy itself is adaptive.380

I Lemma 10. Let I = (G, s, C,w) be a SGE instance, where G is a tree. Let OPTset be the381

optimal set strategy for I. Then, in O(n4/ε2) time we can compute an adaptive strategy S,382

such that r(I, S, 1 + ε) ≥ r(I,OPTset, 1). Moreover, if edge costs are not stochastic, that is,383

the support of each distribution πe has size 1, the algorithm runs in O(n3/ε) time and the384

resulting strategy is not adaptive.385

We briefly describe the ideas behind the algorithm. Consider the instance I = (T, s, C,w),386

where T is a tree. We root the tree at s and assume an order on the children of each node.387

Consider the sequence P = 〈e1, . . . , en〉 of the tree edges built with the following recursive388

algorithm. Given a node of T , iterate through its descendant edges (according to their order)389

and for each such edge output it and recur on the other endpoint. This traverses the tree in390

a preorder fashion. We define ≺ to be the linear order on the edges of T induced by this391

traversal. In the following, we assume that the edges are ordered according to ≺, for example,392

by a maximal element of a set of edges, we mean the edges that is largest according to ≺.393

We say that a subset A of edges of T is feasible, if each edge e ∈ A is either incident to394

the root of T , or the parent edge of e also belongs to A. Observe that given sufficient budget,395

a strategy can acquire any feasible set of edges of T . This follows from the fact that for each396

edge e of T , its parent comes before it in P . Our algorithm will probe some feasible set of397

edges according to the order ≺, that is, after probing an edge e it will not probe any edge f398

such that f ≺ e.399

The algorithm for computing our strategy is based on dynamic programming. A simple400

and inefficient approach is to use an exponential number of states. Namely, each state can be401

characterized by the set of edges acquired so far, denoted by A, and the remaining budget,402

which we discretize to a multiple of ε/n. Knowing the set A allows us to find all such edges403

e that A ∪ {e} is a feasible set and e comes after the maximal element of A in the order ≺.404

The key idea is that we can improve the number of states to polynomial, by taking advantage405

of the following property of the ordering ≺.406

I Lemma 11. Let A be a nonempty feasible set of edges of T and let e be the maximal edge407

of A. Given e (and without knowing A) we can compute the set Fe of all edges f such that408

e ≺ f and A ∪ {f} is a feasible set.409

6 Bounded Edge Costs410

In this section, we deal with the special case of StochasticExploration, where the cost411

of each edge is bounded by O( ε2

lnn ) and the ratio between the smallest and largest reward R412
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is polynomial in n. We prove that in this setting a (O(1), 1 + ε) strategy for SGE can be413

computed in polynomial time.414

I Theorem 12. Let I = (G, s, C,w) be an instance of SGE, where C(e) = O( ε2

lnn ) (for each415

edge e and some 0 < ε = O(1)), R ≤ εnO(1), and the smallest reward is 1. Then, in polynomial416

time, we can compute a nonadaptive (O(1), 1 + ε)-approximate strategy for I. Additionally,417

if G is a tree, then in time O(n3/ε) we can compute a nonadaptive (1 + ε, 1 + ε)-approximate418

strategy for I.419

To prove the theorem, we consider the following strategy. We replace the stochastic edge420

costs with their expected values (i.e., the edge cost distributions in the modified instance421

have size 1). Then, we show that the optimal set strategy using budget augmented by a422

factor of 1 + ε gives a (1 + ε)-approximate solution.423

For ease of notation, we scale the edge costs and the budgets by a factor of Θ(ε2/ lnn),424

so that the edge costs are bounded by 1 and the available budget is B = O(ε2/ lnn).425

First, we bound the payoff of an adaptive strategy when the expected cost of its acquired426

edges is more than B · (1 + ε). Let µe = E[C(e)], and µ(F ) =
∑
e∈F µe.427

I Lemma 13. Let 0 < ε < 1/3 and let I = (G, s, C,w) be an instance of SGE, in which428

B ≥ 5c/ε2 ·lnn. Let F be a set of edges acquired by some adaptive strategy. If µ(F ) ≥ (1+ε)·B429

then the probability that C(F ) ≤ B is at most n−c.430

Next, we show that if the expected cost of some set of edges is close to the budget, then431

this cost is highly concentrated around the expected value. This enables us to give a set432

strategy with small budget augmentation.433

I Lemma 14. Let I = (G, s, C,w) be an instance of SGE. For any set of edges F and any434

B̃ ≥ 5c/ε2 · lnn, if µ(F ) = B̃ then the probability that C(F ) ≥ (1 + ε)B̃ is at most n−c.435

I Lemma 15. Let I = (G, s, C,w) be an instance of SGE, where B ≥ 5c/ε2 lnn, the436

maximum reward R satisfies R ≤ εnc−1, and the minimum reward is 1. Let Ie be obtained437

from I by replacing each edge cost with its expected value. Let OPTεset be the optimal set438

strategy using budget (1+ ε)B for Ie and OPTad be the optimal adaptive strategy using budget439

B for I. Then, (1 + ε)r(I,OPTεset, (1 + ε)B) ≥ r(I,OPTad, B).440

Observe that finding the optimal set strategy on Ie is NP-hard, as it generalizes the441

knapsack problem. However, it becomes tractable, if we augment the budget. In particular,442

for trees, we use the algorithm of Lemma 10, and for general graphs, in Section 4.3, we show443

how to use the solution of the max-prize problem.444

7 Nonadaptive strategies445

In this section we consider nonadaptive strategies for the stochastic exploration problem.446

The main result of this section is that, for the graph exploration problem, that there exists a447

set-strategy with a constant budget augmentation, which is a constant competitive compared448

to the best nonadaptive algorithm. Recall that, a set-strategy is to choose a set of edges449

(without an internal order) and to try to probe all of the edge in that set. The gain of450

strategy for a set of edges, is nonzero only if the entire set was successfully probed (i.e., if451

the total cost of the set is smaller than the budget), and then it collects the rewards of all452

the vertices connected to this set. Therefore, the expected gain of set-strategy given a set453
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of edges, is the total gain of vertices spanned by these edges times the probability that the454

total cost of these edges would not be greater than the specified budget.455

First, we are able to show how much is the increment in the probability to successfully456

probe a set, when using a constant budget augmentation.457

7.1 Power of Budget Augmentation458

Let S = {e1, e2, . . . , en} be a set of edges and let ci , C(ei). Define Cnk =
∑n
i=k ci the459

realized cost of the subset of the edges {ek, . . . en} and, for ease of notation, let Cj = Cj1 .460

For any i ∈ [n] let Pi(a) be the probability that the sum of cost of the edges {e1, . . . ei} is at461

most a, that is, Pi(a) = Pr
(
Ci ≤ a

)
.462

The next lemma will allow us to take advantage of budget augmentation.463

I Lemma 16. Assume that for each edge ei, i ∈ [n] we have ci ∈ [0, 1]. Then464

Pn(3) ≥ Pn(1) (1− ln(Pn(1))) .465

Interestingly, the multiplicative factor increases as the probability to succeed with the466

original budget decreases. We will use this fact, but to compare to a list-strategy we need467

stronger guarantees, we simply use the above lemma twice and deduce the following.468

I Corollary 17.

Pn(9) ≥ Pn(1)(1− ln(Pn(1)))2

2469

7.2 List Strategy vs. Set Strategy470

Now, we are ready to prove the main claim of this section, that we are able to compare the471

strategies using a budget augmentation. Consider an SGE problem instance I = (G, s, C,w).472

Let Sls = 〈e1, . . . , en〉 be a nonadaptive strategy (a feasible sequence of edges) and let vi473

denote the vertex whose reward is obtained when ei is acquired. The expected payoff of474

probing the list with budget B(≥ 1) is by linearity of expectation:475

r(I,Sls, B) =
n∑
j=1

w(vj) ·Pr
(
Cj ≤ B

)
.476

Given a nonadaptive strategy Sls = 〈e1, . . . , en〉, consider n different set strategies Sk, for477

k = {1 . . . n}, where Sk = {e1, . . . ek}. Note that the expected payoff of Sk with budget 9 ·B478

is479

r(I, Sk, 9B) = Pr
(
Ck ≤ 9B

)
·
k∑
j=1

w(vj).480

Finally, we show that there exists k ∈ {1, . . . , n} such that the set strategy Sk with481

budget 9B obtains a constant fraction of strategy Sls.482

I Lemma 18.

max
k
{r(I, Sk, 9B)} ≥ 0.46 · r(I,Sls, B).483
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7.3 Algorithm for Trees484

By combining Lemma 18 with the algorithm of Lemma 10, we obtain the following.485

I Theorem 19. Let I = (G, s, C,w) be a SGE instance, where G is a tree. Let OPTna be486

the optimal nonadaptive strategy for I. Then, in O(n4/ε2) time we can compute an adaptive487

strategy S, such that r(I, S, 9 + ε) ≥ 0.46 · r(I,OPTna, 1).488

8 Conclusions489

In this work we have introduced the stochastic exploration problem on graphs which gener-490

alizes the stochastic knapsack problem [6,10]. We proved that, differently from stochastic491

knapsack, no o(n) adaptivity gap is possible unless we allow some resource augmentation on492

the budget. We provided algorithms with bounded adaptivity gap and logarithmic resource493

augmentation by reducing stochastic exploration to a related memoryless problem—the494

minesweeper problem. We also considered the case of edges with small costs for which it is495

possible to provide an algorithm with O(1) adaptivity gap and O(1) resource augmentation.496

The most challenging problem left open from our work is the one of devising an algorithm497

with O(1) approximation factor that uses only O(1) resource augmentation for general graphs.498

The problem is open even for trees. We provided a set of additional results on the structure499

of optimal adaptive strategies and on the power of resource augmentation for set strategies500

with respect to list strategies that can help in addressing this problem.501
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A Omitted Proofs581

I Lemma 1. Let OPTad and OPTna denote the optimal adaptive and nonadaptive strategies582

for instance ILB. Then, r(ILB ,OPTad)/r(ILB ,OPTna) = Ω(n).583

Proof. Let SAD be the adaptive strategy that probes the edges (s, u`), (s, u`−1), (s, u`−2), . . .584

until it probes an edge (s, ui) whose cost turns out to be 0. After that it probes the edge585

(uk, vk). Note that right before probing edge (uk, vk) the budget that has been used so far is586

2−` + 2−(`−1) + · · ·+ 2−(k+1) < 2−k − 2−(`+1).587

We have that C(uk, vk) = 1− (2−k − 2−(`+1)) with probability 1, therefore there is sufficient588

budget to acquire the edge (uk, vk) and obtain the reward of w(vk) = T . The probability589

that the cost of some edge (s, ui) is 0 is590

`−1∑
k=0

(
1− 1

`

)k
· 1
`

=
1−

(
1− 1

`

)`
1−

(
1− 1

`

) · 1
`
≥ 1− 1

e
.591

Therefore, the expected payoff of strategy SAD is r(ILB , SAD, 1) ≥ T
(
1− 1

e

)
.592

Consider now any nonadaptive strategy S. If the payoff of S is nonzero, it clearly attempts593

to probe at least one edge (ui, vi). Consider the first such edge (ui, vi). Clearly, the strategy594

must probe the edge (s, ui) before attempting to probe (ui, vi).595

Thus with probability 1 − 1/` we have that C(s, ui) = 2−i, and in that case, just596

before probing edge (ui, vi), the leftover budget is at most 1− 2−i. Then, since C(ui, vi) =597

1− 2−i + 2−(`+1), the remaining budget is not sufficient, so the game terminates with total598

payoff 0 In the remaining case we have C(s, ui) = 0, which happens with probability 1/`.599

In this case the strategy acquires edge (ui, vi), but after that the remaining budget is not600

sufficient to reach another node vj . This means that the expected payoff of strategy S is at601

most r(ILB , S, 1) ≤ T
` . The lemma follows. J602

I Lemma 2. Let OPTad denote the optimal adaptive strategy for an instance I and let n603

be the number of vertices in the instance. Let OPTna be the optimal nonadaptive strategy604

computed on instance ITR obtained from I by setting edge costs E[min{1, C(e)}], e ∈ E.605

Assume the nonadaptive algorithm is allowed to use a budget of 1 < c < n/10. Then, there606

exists an instance I such that r(I,OPTad)/r(ITR,OPTna) = Ω(n/22c).607

Proof. Let us define an instance I = (G, s, C,w), where G = (V,E) is a graph such that608

V = {s, u1, . . . , un, v}, and E = {(s, u1), (u1, u2), . . . , (un−1, un), (s, v)}. For each edge609

i ∈ {1, . . . , 2c + 1}, C(ui, ui+1) = 1 with probability 1/2 and 0 otherwise, for i > 2c + 1.610

C(ui, ui+1) = 0 with probability 1. The reward function of ui is 0 for i ∈ {1, . . . , 2c+ 1} and611

1 for i > 2c+ 1. In addition, C(s, v) = 1 with probability 1, and w(v) = 1.612

The expected truncated cost of the edges (ui, ui+1) for i ∈ {1, . . . , 2c+1} is 1/2. Therefore,613

an algorithm which uses the expected truncated costs will assume it cannot reach u2c+2.614

Hence it will acquire just the edge (s, v) and obtain a reward of 1. At the same time, with615

probability 2−2c−2, an algorithm can obtain the reward from all Ω(n) vertices ui. This gives616

a gap of Ω(n/22c). J617

I Lemma 4. For any F ⊆ E we have that Pr(GF ) ≤ e ·Pr(EF ).618

Proof. First, note that, for three independent random variables X1, X2, X3 distributed619

according to an exponential distribution with the same parameter λ, we have that620

Pr(X1 > a) ·Pr(X2 > b) = Pr(X3 > a) ·Pr(X3 > b) = Pr(X3 > a) ·Pr(X3 > a+ b |X3 > a)
= Pr(X3 > a+ b) ,621
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where the second equality follows from the memorylessness property of the exponential622

distribution.623

Let X be a random variable drawn from the exponential distribution with parameter 1.624

Using the fact that we proved above, we have that625

Pr(EF ) =
∏
e∈F

Pr(Xe > ce) = Pr
(
X >

∑
e∈F

ce

)
,626

and that627

Pr(EF | GF ) = Pr
(
X >

∑
e∈F

ce

∣∣∣∣∣∑
e∈F

ce ≤ 1
)
≥ Pr(X > 1) = e−1.628

Therefore, we finish the proof of the lemma by combining this fact with629

Pr(EF ) ≥ Pr(EF ,GF ) = Pr(EF | GF ) ·Pr(GF ) .630

J631

I Lemma 5. Consider an SGE instance ISGE = (G, s, C,w) and let IMS = (G, s, p, w) be632

an instance for MS as defined previously. Let OPTad denote the optimal adaptive strategy633

for SGE and OPTMS the optimal strategy for MS. We have that634

r((G, s, C,w),OPTad, 1) ≤ e · rMS((G, s, C,w),OPTMS).635

Proof. Consider the optimal adaptive strategy OPTad and a strategy for minesweeper (call it636

S) that selects to probe the same edges as OPTad. We will lower bound the probability that637

OPTad terminates (i.e., exhausts its budget) before the strategy is applied to MS. Consider638

a graph G, and let g(x,G) be the probability that OPTad for SGE on graph G with budget639

x does not finish after strategy S. for MS. Abusing notation, define640

g(x, i) = inf
G=(V,E):|E|=i

g(x,G).641

We will prove by induction on i and x that g(x, i) ≥ e−x.642

First note that for i = 0 there is not any edge to probe so we are done. So consider i ≥ 1643

and assume that for any x ≥ 0 and any graph G′ = (V ′, E′) with |E′| ≤ i− 1 we have that644

g(x,G′) ≥ e−x. For x = 0, OPTad has no budget for SGE so it cannot continue and the645

claim is trivially true. Thus, consider the case that i ≥ 1 and x > 0. Assume that we have646

graph G = (V,E) and for e ∈ E denote by Ge the graph in which edge e has been contracted.647

Then notice that we have that the probability that OPTad will not terminate after strategy648

S of MS is equal to the probability that (1) OPTad finishes when probing the next edge, or649

(2) that it does not, and neither does S but in the next steps OPTad does not terminate650

after MS. Therefore, for any x and any graph G with i edges, we have that651

g(x,G) =
∑
ce≥x

Pr(C(e) = ce) +
∑
ce<x

Pr(C(e) = ce) · g(x− ce, Ge) ·Pr(X > ce)

≥
∑
ce≥x

Pr(C(e) = ce) +
∑
ce<x

Pr(C(e) = ce) · g(x− ce, i− 1) ·Pr(X > ce)

≥
∑
ce≥x

Pr(C(e) = ce) · e−x +
∑
ce<x

Pr(C(e) = ce) · ece−x · e−ce ≥ e−x,652
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where the equality follows from the fact that in the MS problem that we defined edge e does653

not die with probability Pr(X > ce), the first inequality from the fact that graph Ge has654

i− 1 edges, and the second inequality from the fact that e−x ≤ 1 and from the induction655

hypothesis.656

Because this holds for all graphs G with i edges, we deduce that for any x ≥ 0 we have657

that g(x, i) ≥ e−x.658

Therefore, we have that g(1, G) ≥ 1/e, which means that there exists a strategy for the659

MS problem that with probability at least 1/e does not stop before strategy OPTad, and660

therefore has expected payoff of at least r((G, s, C,w),OPTad, 1)/e. J661

I Lemma 6. Consider an SGE instance ISGE = (G, s, C,w) and let IMS = (G, s, p, w) be662

an instance for MS as defined previously. Let OPTMS be the optimal sequence of edges for the663

MineSweeper instance, and let S be the (nonadaptive) strategy for StochasticExploration664

that probes the same edges, in the same order. Then we have that665

r((G, s, C,w), S, 2 ln(nR)) ≥ rMS((G, s, C,w),OPTMS)− o(1),666

where R = maxv∈V w(v).667

Proof. Let L = 〈e1, . . . en−1〉, the (optimal) list of edges that OPTMS probes. By definition,668

strategy S for StochasticExploration probes the same edges. We consider an execution669

of MineSweeper using strategy OPTMS and an execution of StochasticExploration670

with strategy S. We couple the two executions, such that for each edge e the value ce be the671

same in both executions.672

Consider a materialization of the values ce1 up to cen−1 of the edges in L. Let r be the673

index such that674

r∑
i=1

cei
≤ 2 ln(nR)675

and676

r+1∑
i=1

cei
> 2 ln(nR).677

Then notice that the revenue of strategy S for StochasticExploration is a value W ,678

which is the sum of the rewards of the nodes reachable from the source node s using edges679

e1, . . . , er. We now show that the expected value of OPTMS is W + o(1). Recall that when680

OPTMS probes an edge ei, the probability that it materializes is p(ei) = Pr(Xei
> cei

),681

with Xei being an exponentially distributed random variable with parameter 1. If OPTMS682

succeeds up to edge er, it acquires reward up to W . Otherwise, the probability that OPTMS683

succeeds for more than r edges is at most684

r+1∏
i=1

p(ei) =
r+1∏
i=1

e−cei = e−
∑r+1

i=1
cei < e−2 ln(nR) = (nR)−2.685

The maximum reward that it can acquire is upper bounded by nR, therefore, the expected686

reward of OPTMS (given the values cei
) is687

W + nR

(nR)2 = W + (nR)−1.688
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Therefore, for each materialization of the edge costs, we have that the expected reward689

of OPTMS on MineSweeper is at most (nR)−1 higher than the reward of strategy S for690

StochasticExploration, implying that the expected reward of S is at most (nR)−1 less691

than the expected reward of OPTMS. J692

I Theorem 9. Consider the instance I = (G, s, p, w) of the minesweeper problem, where693

G = (V,E) is an undirected graph. An O(lognR)-approximate strategy can be computed in694

polynomial time.695

Proof. Assume that the optimal solution is the sequence of edges S∗ = (e1, . . . , ek). Define696

M(E′) to be the event that all the edges in the set E′ materialize. Also let w(e1, . . . , ei) =697 ∑i
j=1 w(ei). Then S∗ is a sequence that maximizes698

O∗ =
k∑
i=1

Pr(M({e1, . . . , ei}),¬M({ei+1)})) · w(e1, . . . , ei) .699

For ` = 0, 1, . . . , lognR, define I(`) to be all values j such that w(e1, . . . , ej) ∈ [2`, 2`+1−1],700

and ι(`) to be the smallest such j.701

We can write702

O∗ =
lognR∑
`=0

∑
i∈I(`)

Pr(M({e1, . . . , ej}),¬M({ei+1)}) · w(e1, . . . , ej)

≤
lognR∑
`=0

2w(e1, . . . , eι(`)) ·
∑

i∈I(`))

Pr(M({e1, . . . , ej}),¬M({ei+1)})

≤
lognR∑
`=0

2w(e1, . . . , eι(`)) ·Pr
(
M({e1, . . . , eι(`))}

)
.703

Note that the optimal sequence of edges S∗ cannot contain a cycle because for each node704

v ∈ V we either reach it through a path and we collect value w(v), or we die before and the705

process stops. Furthermore, we collect value w(v) only for nodes reachable from s through706

edges of S∗ that have materialized. Therefore, the edges in S∗ must form a tree.707

Let Ẽ ⊂ E be the set of edges that defines a tree that contains s and maximizes708

w(Ẽ) ·Pr
(
M(Ẽ)

)
.709

For each ` = 0, 1, . . . , lognR we have that710

w(Ẽ) ·Pr
(
M(Ẽ)

)
≥ w(e1, . . . , eι(`)) ·Pr

(
M(e1, . . . , eι(`))

)
711

and we obtain that712

O∗ ≤ 2 log(nR) · w(Ẽ) ·Pr
(
M(Ẽ)

)
. (1)713

Therefore, our goal becomes that of finding that set of edges Ẽ that forms a tree and714

maximizes715

w(Ẽ) ·Pr
(
M(Ẽ)

)
.716

We next show how to find a tree that approximates this quantity. Consider the graph717

with the same vertex and edge set as G, with the same rewards on the vertices w(·), and718

with edge costs ψ : E → R≥0, defined as ψ(e) = − log p(e). Note that719

Pr
(
M(Ẽ)

)
=
∏
e∈Ẽ

p(e) = 2−
∑

e∈Ẽ
ψ(e)

.720
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Let Ψmin = mine∈E ψ(e), and Ψmax =
∑
e∈E ψ(e). For ` ∈ {Ψmin,Ψmin + 1, . . . ,Ψmax},721

let T ` be the tree T that (1) has cost
∑
e∈T ` ψ(e) ≤ `, (2) contains node s, and (3) maximizes722

w(T ), defined as
∑
v∈T w(v), where we say that v ∈ T if node v belongs to the tree T .723

This is precisely the max-prize–tree problem, and by the discussion just before the proof724

we can deduce that for each ` ∈ {Ψmin,Ψmin + 1, . . . ,Ψmax} we can compute a tree T̂ ` with725

cost at most ` and total weight at least w(T `)/γ. Note that Ψmax ≤ −n log(maxe p(e)), so726

we solve only a polynomial (in the input length) number of max-prize–tree problems.727

Let728

`∗ = arg max
`
{2−` · w(T `)}.729

We have
∑
e∈T̂ `∗ ψ(e) ≤ `∗, which implies that Pr

(
M(T̂ `∗)

)
=
∏
e∈T̂ `∗ p(e) ≥ 2−`∗ . Define730

˜̀=
⌊
− log Pr

(
M(Ẽ)

)⌋
731

and notice that Ẽ = T
˜̀. Also, notice that we have732

2−˜̀≥ 1
2Pr

(
M(Ẽ)

)
.733

Putting everything together, we obtain that, for the solution T̂ `
∗ that we compute, we have734

Pr
(
M(T̂ `

∗
)
)
·w(T̂ `

∗
) ≥ 2−`

∗
·w(T̂ `

∗
) ≥ 2−`∗

γ
·w(T `

∗
) ≥ 2−˜̀

γ
·w(T ˜̀) ≥ 1

2γPr
(
M(Ẽ)

)
·w(Ẽ).735

Using this in Equation (1), we conclude that736

Pr
(
M(T̂ `

∗
)
)
· w(T̂ `

∗
) ≥ 1

4γ log(nR) ·O
∗.737

J738

I Lemma 10. Let I = (G, s, C,w) be a SGE instance, where G is a tree. Let OPTset be the739

optimal set strategy for I. Then, in O(n4/ε2) time we can compute an adaptive strategy S,740

such that r(I, S, 1 + ε) ≥ r(I,OPTset, 1). Moreover, if edge costs are not stochastic, that is,741

the support of each distribution πe has size 1, the algorithm runs in O(n3/ε) time and the742

resulting strategy is not adaptive.743

Proof. We now describe the algorithm computing the strategy. First, we quantize the edge744

costs, by rounding them up to multiples of ε/n. Namely, each time a cost of c is incurred, we745

actually deduct dc/(ε/n)e(ε/n) from the budget. Because each strategy acquires at most n746

edges, this turns a strategy using a budget of 1 into a strategy using budget of 1 + ε. Hence,747

by using budget of 1 + ε, we can assume that the cost of each edge is a multiple of ε/n. In748

particular, at every step the remaining budget in has one of (1 + ε)/(ε/n) = O(n/ε) distinct749

values.750

The dynamic programming uses an array D(e, b), indexed by an edge e and the remaining751

budget b. Note that the array has size O(n2/ε). The value D(e, b) denotes what is the752

maximum expected reward that a strategy can get in the remaining part of the game if the753

first edge to be probed is e and the remaining budget is b. Of course the next edge to be754

probed after e has to belong to the set Fe (see Lemma 11). Denote by re the reward that we755

obtain from acquiring the edge e. We use the following recursive formula:756

D(e, b) =
b/(ε/n)∑
i=0

Pr(C(e) = i(ε/n))
(
re + max

f∈Fe

D(f, b− i(ε/n))
)
.757
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Observe that there are O(n2/ε) values of D(e, b) to compute and evaluating each of758

them requires O(n2/ε) time. Hence, the dynamic programming requires O(n4/ε2) time. The759

expected payoff of the strategy can be obtained by taking maximum of D(e, 1 + ε) over all760

edges e incident to s. The recursive formula directly translates to an adaptive algorithm.761

After acquiring the edge e, if the remaining budget is b − i(ε/n), the next edge to probe762

is arg maxf∈Fe D(f, b − i(ε/n)). Note that this can only be evaluated once we know the763

remaining budget and thus the obtained strategy is adaptive.764

Clearly, the obtained strategy is the optimal adaptive strategy, among strategies that765

probe edges according to the ordering ≺. Because, without loss of generality, we can assume766

that each set strategy probes edges according to this order, we immediately get that the767

r(I, 1 + ε, S) ≥ r(I, 1,OPTset).768

Finally, let us consider the case of non-stochastic edge costs. Observe that the sum in769

the formula for D(e, b), has only single summand, which improves the running time by a770

factor of n/ε. Moreover, the choices of the algorithm can be simulated beforehand, so the771

final strategy is nonadaptive. J772

I Lemma 11. Let A be a nonempty feasible set of edges of T and let e be the maximal edge773

of A. Given e (and without knowing A) we can compute the set Fe of all edges f such that774

e ≺ f and A ∪ {f} is a feasible set.775

Proof. Consider the path S that starts at the root of T and ends with e. Observe that every776

edge whose one endpoint is on the path and that comes after e in the order ≺ belongs to the777

set Fe. Indeed, by adding each such edge to F we obtain a feasible set. It is also easy to see778

that adding any other edge larger than e to A would not yield a feasible set. J779

We use the following theorem in the proof of the next lemma.780

I Theorem 20 ( [23]). Let X be a martingale such that
∑t
i=1 Var[Xi | Xi−1] ≤ V and

Xi −Xi−1 ≤M . Then,

Pr(Xt −E[X] ≤ −λ) ≤ exp
(

−λ2

2 · V +Mλ/3

)
.

I Lemma 10. Let I = (G, s, C,w) be a SGE instance, where G is a tree. Let OPTset be the781

optimal set strategy for I. Then, in O(n4/ε2) time we can compute an adaptive strategy S,782

such that r(I, S, 1 + ε) ≥ r(I,OPTset, 1). Moreover, if edge costs are not stochastic, that is,783

the support of each distribution πe has size 1, the algorithm runs in O(n3/ε) time and the784

resulting strategy is not adaptive.785

Proof. We now describe the algorithm computing the strategy. First, we quantize the edge786

costs, by rounding them up to multiples of ε/n. Namely, each time a cost of c is incurred, we787

actually deduct dc/(ε/n)e(ε/n) from the budget. Because each strategy acquires at most n788

edges, this turns a strategy using a budget of 1 into a strategy using budget of 1 + ε. Hence,789

by using budget of 1 + ε, we can assume that the cost of each edge is a multiple of ε/n. In790

particular, at every step the remaining budget in has one of (1 + ε)/(ε/n) = O(n/ε) distinct791

values.792

The dynamic programming uses an array D(e, b), indexed by an edge e and the remaining793

budget b. Note that the array has size O(n2/ε). The value D(e, b) denotes what is the794

maximum expected reward that a strategy can get in the remaining part of the game if the795

first edge to be probed is e and the remaining budget is b. Of course the next edge to be796
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probed after e has to belong to the set Fe (see Lemma 11). Denote by re the reward that we797

obtain from acquiring the edge e. We use the following recursive formula:798

D(e, b) =
b/(ε/n)∑
i=0

Pr(C(e) = i(ε/n))
(
re + max

f∈Fe

D(f, b− i(ε/n))
)
.799

Observe that there are O(n2/ε) values of D(e, b) to compute and evaluating each of800

them requires O(n2/ε) time. Hence, the dynamic programming requires O(n4/ε2) time. The801

expected payoff of the strategy can be obtained by taking maximum of D(e, 1 + ε) over all802

edges e incident to s. The recursive formula directly translates to an adaptive algorithm.803

After acquiring the edge e, if the remaining budget is b − i(ε/n), the next edge to probe804

is arg maxf∈Fe D(f, b − i(ε/n)). Note that this can only be evaluated once we know the805

remaining budget and thus the obtained strategy is adaptive.806

Clearly, the obtained strategy is the optimal adaptive strategy, among strategies that807

probe edges according to the ordering ≺. Because, without loss of generality, we can assume808

that each set strategy probes edges according to this order, we immediately get that the809

r(I, 1 + ε, S) ≥ r(I, 1,OPTset).810

Finally, let us consider the case of non-stochastic edge costs. Observe that the sum in811

the formula for D(e, b), has only single summand, which improves the running time by a812

factor of n/ε. Moreover, the choices of the algorithm can be simulated beforehand, so the813

final strategy is nonadaptive. J814

I Lemma 11. Let A be a nonempty feasible set of edges of T and let e be the maximal edge815

of A. Given e (and without knowing A) we can compute the set Fe of all edges f such that816

e ≺ f and A ∪ {f} is a feasible set.817

Proof. Consider the path S that starts at the root of T and ends with e. Observe that every818

edge whose one endpoint is on the path and that comes after e in the order ≺ belongs to the819

set Fe. Indeed, by adding each such edge to F we obtain a feasible set. It is also easy to see820

that adding any other edge larger than e to A would not yield a feasible set. J821

We use the following theorem in the proof of the next lemma.822

I Theorem 21 ( [23]). Let X be a martingale such that
∑t
i=1 Var[Xi | Xi−1] ≤ V and

Xi −Xi−1 ≤M . Then,

Pr(Xt −E[X] ≤ −λ) ≤ exp
(

−λ2

2 · V +Mλ/3

)
.

I Lemma 13. Let 0 < ε < 1/3 and let I = (G, s, C,w) be an instance of SGE, in which823

B ≥ 5c/ε2 ·lnn. Let F be a set of edges acquired by some adaptive strategy. If µ(F ) ≥ (1+ε)·B824

then the probability that C(F ) ≤ B is at most n−c.825

Proof. In order to bound the probability, it is crucial to exploit the property of irrevocable826

decisions, which forces the adaptive strategy to keep an item even if its size turns out to be827

very large. Therefore, we would use the martingale framework. For an adaptive strategy let828

Ft denote the set of the first t items chosen by the strategy. Note that no further items are829

added to Ft once the cost of the edges in Ft exceeds the budget. Define Xt =
∑
e∈Ft

(c(e)−µe).830

It is easy to verify that Xt is a martingale, since E[Xt+1 | Xt] = Xt. Note that X0 = 0 by831

definition. Next, we bound the variance of832

Var[Xt | Xt−1] = Var[(C(e)− µe)] = E
[
C(e)2]−E[C(e)]2 ≤ E

[
C(e)2] ≤ E[C(e)] ,
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where the last inequality holds since the cost of each edge is bounded by 1.833

We now apply Theorem 21 with Xt = C(Ft)− µ(Ft), M = 1 and λ = εB. Observe that834 ∑t
i=1 Var[Xi | Xi−1] ≤ (1 + ε) ·B. Hence, we have835

Pr(C(Ft) ≤ B) ≤ Pr(C(Ft) ≤ µ(Ft)− εB) ≤ Pr(C(Ft)− µ(Ft) ≤ −εB)836

≤ exp
(

−ε2 ·B2

2(1 + ε)B + ε ·B/3

)
≤ exp

(
−ε2 ·B

2(1 + ε) + ε/3

)
837

≤ exp
(
−4c logn

2(1 + ε) + ε/3

)
≤ n−c.838

839

J840

I Lemma 22 (Chernoff bound). Let X be the sum of binary independent random variables841

X1, X2, ..., Xn where Xi ∈ [0, 1] Then, for any δ > 1, Pr(X > (1 + δ) ·E[X]) ≤ exp(−δ ·842

E[X] /3).843

I Lemma 14. Let I = (G, s, C,w) be an instance of SGE. For any set of edges F and any844

B̃ ≥ 5c/ε2 · lnn, if µ(F ) = B̃ then the probability that C(F ) ≥ (1 + ε)B̃ is at most n−c.845

Proof. We apply Chernoff bound by setting Xi = C(e). We have X = C(S) and

Pr
(
C(F ) > (1 + ε) · B̃

)
≤ exp

(
−ε · B̃

3

)
≤ n−c.

J846

I Lemma 15. Let I = (G, s, C,w) be an instance of SGE, where B ≥ 5c/ε2 lnn, the847

maximum reward R satisfies R ≤ εnc−1, and the minimum reward is 1. Let Ie be obtained848

from I by replacing each edge cost with its expected value. Let OPTεset be the optimal set849

strategy using budget (1+ ε)B for Ie and OPTad be the optimal adaptive strategy using budget850

B for I. Then, (1 + ε)r(I,OPTεset, (1 + ε)B) ≥ r(I,OPTad, B).851

Proof. First, we bound r(I,OPTad, B). This payoff is the sum of two terms: the expected852

payoff when the expected cost of the acquired edges is at most (1 + ε) ·B and the payoff when853

the expected cost of edges is greater than (1 + ε)B. In the following we use r(I, S,B | E) to854

denote the expected payoff of strategy S, conditioned on the event E .855

Let F be the set of edges acquired by OPTad. Observe that r(I,OPTad, B | µ(F ) ≤856

(1 + ε)B) ≤ r(Ie,OPTεset, (1 + ε)B). This follows from the fact that the conditioning on857

µ(F ) ≤ (1 + ε)B limits the possible sets of edges that the adaptive strategy can acquire to858

the sets of edges considered by the set strategy. We now obtain859

r(I,OPTad, B) ≤ r(I,OPTad, B | µ(F ) ≤ (1 + ε)B) + r(I,OPTad | µ(F ) > (1 + ε)B)860

≤ r(I,OPTad, B | µ(F ) ≤ (1 + ε)B) + n ·R · n−c861

≤ r(Ie,OPTεset, (1 + ε)B) + ε862

≤ (1 + ε)r(Ie,OPTεset, (1 + ε)B),863

where the second inequality follows from Lemma 13 and the last one from the fact that the864

set strategy obtains at least a reward of 1. J865

I Theorem 12. Let I = (G, s, C,w) be an instance of SGE, where C(e) = O( ε2

lnn ) (for each866

edge e and some 0 < ε = O(1)), R ≤ εnO(1), and the smallest reward is 1. Then, in polynomial867

time, we can compute a nonadaptive (O(1), 1 + ε)-approximate strategy for I. Additionally,868

if G is a tree, then in time O(n3/ε) we can compute a nonadaptive (1 + ε, 1 + ε)-approximate869

strategy for I.870
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Proof. By combining Lemma 15 with Lemma 10 we obtain an algorithm which can compute871

a nonadaptive (1 + ε, (1 + ε)2)-approximate algorithm in O(n3/ε) time. By tuning constants,872

the approximation can be improved to (1 + ε, 1 + ε).873

On the other hand, for general graphs we combine Lemma 15 with the 8-approximate874

algorithm for the max-prize problem (see Section 4.3) and obtain a (8(1 + ε), 1 + ε) strategy,875

which by tuning constants can be improved to (8 + ε, 1 + ε). J876

I Lemma 16. Assume that for each edge ei, i ∈ [n] we have ci ∈ [0, 1]. Then877

Pn(3) ≥ Pn(1) (1− ln(Pn(1))) .878

Proof. First we show that, for all j ∈ [n] we have that:879

Pr
(
Cn ≤ 3

∣∣Cj−1 ≤ 1, Cj > 1
)
≥ Pr

(
Cn ≤ 1

∣∣Cj ≤ 1
)
. (2)880

The events Cj ≤ 2 and Cnj+1 ≤ 1 imply Cn ≤ 3. The event Cj−1 ≤ 1 implies that Cj ≤ 2881

because cj ≤ 1. For i 6= j, ci and cj are independent random variables, thus Cj and Cnj+1882

are also independent. Using these observations we obtain883

Pr
(
Cn ≤ 3

∣∣Cj−1 ≤ 1, Cj > 1
)
≥ Pr

(
Cj ≤ 2, Crj+1 ≤ 1

∣∣Cj−1 ≤ 1, Cj > 1
)

= Pr
(
Crj+1 ≤ 1

∣∣Cj−1 ≤ 1, Cj > 1
)

= Pr
(
Crj+1 ≤ 1

)
= Pr

(
Cnj+1 ≤ 1

)
·
∑
t≤1

Pr
(
Cj = t

∣∣Cj ≤ 1
)

=
∑
t≤1

Pr
(
Cnj+1 ≤ 1

)
·Pr

(
Cj = t

∣∣Cj ≤ 1
)

≥
∑
t≤1

Pr
(
Cnj+1 ≤ 1− t

)
·Pr

(
Cj = t

∣∣Cj ≤ 1
)

=
∑
t≤1

Pr
(
Cnj+1 ≤ 1− t

∣∣Cj ≤ 1
)
·Pr

(
Cj = t

∣∣Cj ≤ 1
)

= Pr
(
Cn ≤ 1

∣∣Cj ≤ 1
)
.884

To simplify the notation in the following, we define N1 = Pr
(
C1 ≤ 1

)
and for r = 2, . . . , n,885

Nr = Pr
(
Cn ≤ 1

∣∣Cr−1 ≤ 1
)
.886

We will next make use of the following equalities.887

Pr(Cn ≤ 1) =
n∏
i=1

Ni,888

Pr
(
Cn ≤ 1

∣∣Cj ≤ 1
)

=
n∏

i=j+1
Ni,889

Pr
(
Cn > 1, Cr−1 ≤ 1

)
= (1−Nr) ·

r−1∏
i=1

Ni.890

891

We partition the event Cn ≤ 3 into disjoint events according to the first index i (if any)892

such that Ci > 1, we get893
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Pr(Cn ≤ 3) = Pr(Cn ≤ 3, Cn ≤ 1) +
n∑
j=1

Pr
(
Cn ≤ 3, Cj > 1, Cj−1 ≤ 1

)
= Pr(Cn ≤ 1) +

n∑
j=1

Pr
(
Cn ≤ 3

∣∣Cj > 1, Cj−1 ≤ 1
)
·Pr

(
Cj > 1, Cj−1 ≤ 1

)
= Pr(Cn ≤ 1) +

n∑
j=1

(
Pr
(
Cn ≤ 3

∣∣Cj > 1, Cj−1 ≤ 1
)
· (1−Nj) ·

j−1∏
i=1

Ni

)

≥ Pr(Cn ≤ 1) +
n∑
j=1

(
Pr
(
Cn ≤ 1

∣∣Cj ≤ 1
)
· (1−Nj) ·

j−1∏
i=1

Ni

)

= Pr(Cn ≤ 1) +
n∑
j=1

 n∏
i=j+1

Ni · (1−Nj) ·
j−1∏
i=1

Ni


= Pr(Cn ≤ 1) +

n∑
j=1

1−Nj
Nj

·

(
n∏
i=1

Ni

)

= Pr(Cn ≤ 1) +
n∑
j=1

1−Nj
Nj

·Pr(Cn ≤ 1) = Pr(Cn ≤ 1) ·

1 +
n∑
j=1

1−Nj
Nj


≥ Pr(Cn ≤ 1) ·

1−
n∑
j=1

lnNj

 = Pr(Cn ≤ 1) ·

1− ln

 n∏
j=1

Nj


= Pr(Cn ≤ 1) · (1− ln(Pr(Cn ≤ 1))) ,894

where the first inequality follows from Equation (2) and the second from ey ≥ y + 1, which895

for y = − ln x gives 1−x
x ≥ − ln x. J896

I Corollary 17.

Pn(9) ≥ Pn(1)(1− ln(Pn(1)))2

2897

Proof. Let for i ∈ [n] define c̃i = ci/3, and define analogously C̃n. Notice that c̃i ∈ [0, 1/3] ⊂898

[0, 1]. We apply Lemma 16 twice (first for C̃n and then for Cn and we obtain By rescaling899

the costs by factor of 1/3 (denoted with a tilde), we get that c̃i ∈ [0, 1/3], and therefore900

c̃i ∈ [0, 1] and we apply Lemma 16 we have901

Pn(9) = Pr(Cn ≤ 9)
= Pr

(
C̃n ≤ 3

)
≥ Pr

(
C̃n ≤ 1

)
· (1− ln(Pr

(
C̃n ≤ 1

)
)

≥ Pn(3) · (1− ln(Pn(3))
≥ Pn(1) · (1− ln(Pn(1))) · (1− ln(Pn(1) · (1− ln(Pn(1))))
= Pn(1) · (1− ln(Pn(1))) · (1− ln(Pn(1))− ln(1− ln(Pn(1))))

≥ Pn(1) · (1− ln(Pn(1)))2

2 ,902

where the last inequality uses the fact that x/2 ≥ ln(x), where we apply x = 1−ln(Pn(1)). J903
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I Lemma 18.

max
k
{r(I, Sk, 9B)} ≥ 0.46 · r(I,Sls, B).904

Proof. First note that Pr
(
Cj ≤ 1

)
is a nonincreasing function of j. We partition the905

edge set into classes A0, A1, . . . , A` such that j ∈ Ai if e−i−1 < Pr
(
Cj ≤ B

)
≤ e−i. Let906

w(Ai) =
∑
j∈Ai

w(vj) and T (r) =
∑r
i=0 w(Ai). Then907

r(I,Sls, B) ≤
∑̀
i=1

e−iw(Ai) ≤
∑̀
i=1

e−iT (i).908

Let k∗ = arg maxk{r(I, Sk, 9B)}. For all i, let a(i) = max{j : j ∈ Ai}, and M =909

r(I, Sk∗ , 9B). Then910

M = r(I, Sk∗ , 9B) ≥ T (i) ·Pr
(
Ca(i) ≤ 9B

)
≥ T (i) · (i+ 2)2

2ei+1 .911

Here, the first inequality follows from the fact that k∗ corresponds to the maximum value.912

For the second inequality, note that a(i) ∈ Ai and, hence, Pr
(
Ca(i) ≤ B

)
≥ e−i−1. By913

Corollary 17, we obtain that Pr
(
Ca(i) ≤ 9B

)
≥ e−i−1 · (1− ln(e−i−1))2/2 = (i+2)2

2ei+1 .914

Therefore, we have that T (i) ≤ 2·Me1+i

(i+2)2 , and915

r(I,Sls, B) ≤
∑̀
i=1

e−i · T (i) ≤
∑̀
i=1

e−i
2 ·Mei+1

(i+ 2)2 ≤ 2Me ·
∑̀
i=1

1
(i+ 2)2

≤ r(I, Sk∗ , 9B)/0.46.916

J917

B MineSweeper on Trees918

In this section we describe the optimal algorithm for MineSweeper problem, in the case919

when the input graph is a tree.920

B.1 Scheduling with Tree-Like Precedence Constraints921

We now introduce and solve a problem of n jobs with tree-like precedence constraints on922

a single machine. Some special cases of the problem we consider here have been solved923

before [2,3,18] and actually the main idea of the algorithm is the same as in the previous924

works.925

Let A be a set of n jobs. An ordering is a sequence of length n consisting of distinct926

elements of A (a permutation of A). We denote by Ord(A) the set of all orderings of A and927

by Seq(A) we denote the set consisting of all sequences that contain distinct elements of A.928

Moreover, if X and Y are sequences we use X · Y to denote their concatenation.929

The input to the scheduling problem we consider is a tuple (A,n, T, c), where A is a set930

of n jobs, T is a rooted tree, whose vertex set is A, and c : Ord(A)→ R is the cost function.931

Let parT (ai) be the parent of ai in T . We say that an ordering a1, . . . , an is valid (w.r.t.932

T ) iff a1 is the root of T and for each 2 ≤ i ≤ n we have that parT (ai) ∈ {a1, . . . , ai−1}. The933

goal is to compute a valid ordering a1, . . . , an such that the cost c(a1, . . . , an) is minimized.934

We call every such sequence an optimal ordering.935
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Let S = W ·X · Y · Z be a valid ordering. We say that X and Y are swappable (with936

respect to S) iff W · Y ·X ·Z is a valid ordering. Observe that X and Y are swappable when937

for each x ∈ X and y ∈ Y , x and y are not in ancestor–descendant (or descendant–ancestor)938

relation in T .939

I Definition 23. Consider a scheduling problem (A,n, T, c). Let W ·X · Y · Z ∈ Ord(A).940

We say that a function u : Seq(A)→ R is a utility function for (A,n, T, c) when941

c(W ·X · Y · Z) ≤ c(W · Y ·X · Z)⇔ u(X) ≥ u(Y ).942

I Corollary 24. Let S be an optimal ordering. Assume that S = W ·X · Y ·Z, where X and943

Y are swappable. Then u(X) ≥ u(Y ).944

Proof. Assuming u(X) < u(Y ) immediately gives a contradiction to the assumption that S945

is optimal. J946

In the remaining of this section we show an efficient algorithm, which, given (A,n, T, c)947

and a utility function, computes an optimal ordering. Note that the previous works only948

considered concrete cost functions (which, although not stated explicitly, did admit utility949

functions).950

I Lemma 25. Let a1 be a job with a single child a2 in T . Moreover, assume that u(a1) ≤951

u(a2). Then, a2 is scheduled immediately after a1 in some optimal ordering.952

Proof. Let S be an optimal ordering. Clearly, a1 has to appear before a2, so S is of the953

form S = X · a1 · Y · a2 · Z for some X,Y, Z ∈ Seq(A). Since a2 is the only child of a1, we954

know that a1 and Y are swappable. Similarly, Y and a2 are swappable.955

Thus, the order S′ = X · Y · a1 · a2 · Z is valid. Moreover, by Corollary 24 applied to S956

we get u(Y ) ≥ u(a2), which implies u(Y ) ≥ u(a1). Thus, by Definition 23, c(S′) ≤ c(S).957

Hence, S′ is an optimal ordering, in which a2 is scheduled immediately after a1. J958

Consider an algorithm that computes a valid ordering a1, . . . , an greedily. It runs in n959

steps. In the ith step it selects a job ai that is either the root of T or which has the maximum960

utility u(ai) among jobs whose parents were already added to the ordering. Note that the961

resulting ordering is not necessarily unique, as the algorithm may have to choose between962

jobs of the same utility. We call every ordering that may be produced by the algorithm963

a greedy ordering of A. Let a ∈ A and let Da be the set of jobs (vertices) that are proper964

descendants of a in T (hence, a 6∈ Da). The greedy algorithm described above can also be965

used to order jobs in Da, and we extend the definition of greedy orderings to such sets.966

I Lemma 26. Let a ∈ A be a job. Assume that for each proper descendant b of a such that967

parT (b) 6= a we have u(b) < u(parT (b)). Let Sa be some greedy ordering of the set Da of968

proper descendants of a. Then, there exists an optimal ordering of A containing Sa as a969

subsequence.970

Proof. Let k denote the number of descendants of a in T and let a′1, . . . , a′k be their greedy971

ordering. Moreover, let a1, . . . , ak be the ordering of all proper descendants of a in some972

optimal ordering S. Thus, S = X1 ·a1 ·X2 · . . . ·Xk ·ak ·Xk+1 for some X1, . . . , Xk+1 ∈ Seq(A).973

By definition, each descendant of a′i is some other a′j , which means that each a′i is swappable974

with X` for ` ≥ 2. Therefore, S′ = X1 · a′1 ·X2 · . . . ·Xk · a′k ·Xk+1 is a valid ordering. To975

complete the proof, it remains to show that c(S′) = c(S).976
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First, consider S = X1 · a1 · X2 · . . . · Xk · ak · Xk+1. For 2 ≤ i ≤ k we have that Xi977

is swappable with ai and for each 1 ≤ i ≤ k, ai is swappable with Xi+1. By applying978

Corollary 24 we conclude that u(ai) ≥ u(ai+1) for 1 ≤ i < k.979

From the assumption that u(b) < u(parT (b)), combined with the algorithm for computing980

greedy orderings, we also have u(a′i) ≥ u(a′i+1). Hence, in both S and S′ the jobs are sorted981

in nonincreasing order of utilities. This means that S′ can be obtained from S by permuting982

jobs that have equal utilities.983

Recall that S′ = X1 · a′1 ·X2 · . . . ·Xk · a′k ·Xk+1. To complete the proof, we show that984

if u(a′i) = u(a′i+1), then the two jobs can be swapped and the resulting ordering is still985

valid and has the same cost. The assumption u(a′i) = u(a′i+1) combined with the fact that986

u(a′i) ≥ u(Xi+1) ≥ u(a′i+1), yields u(a′i) = u(Xi+1) = u(a′i+1).987

We now swap a′i with a′i+1 by performing 3 swaps of adjacent elements a′i, Xi+1, and a′i+1.988

Since the utilities of each these elements are equal, swapping does not influence the cost of989

the ordering. We only have to show that each time we swap a swappable pair. Clearly, both990

a′i and a′i+1 can be swapped with Xi+1. In addition a′i and a′i+1 can be swapped with each991

other. The fact that u(a′i) = u(a′i+1) combined with the assumption that u(b) < u(parT (b))992

implies that neither of these elements is an ancestor of the other. The lemma follows. J993

Lemmas 26 and 25 motivate two reductions, which we can apply to our problem, without994

changing the cost of the optimal solution.995

We first describe a merging reduction, based on Lemma 26. Let a ∈ A be a job satisfying996

the assumptions of Lemma 26. The merging reduction consists in replacing the subtree of a997

by a path containing the jobs ordered in a greedy way.998

I Corollary 27. Consider a scheduling problem (A,n, T, c). Let a ∈ A be a job satisfying the999

assumptions of Lemma 26 and Ta be the tree obtained from T by performing a merging step1000

on a. Then, every optimal ordering for (A,n, Ta, c) is an optimal ordering for (A,n, T, c).1001

Proof. Observe that the precedence constraints defined by Ta can only be stricter than the1002

ones given by T . Thus, every optimal ordering for (A,n, Ta, c) is valid for (A,n, T, c). From1003

Lemma 26 it follows that the costs of optimal orderings in both problems are equal. J1004

Now consider two jobs a1 and a2 satisfying the assumptions of Lemma 25. A contracting1005

reduction contracts two jobs a1 and a2 into one job a3 of utility u(a1 · a2). More generally,1006

we define u(X · a3 · Y ) := u(X · a1 · a2 · Y ). By Lemma 25 and Corollary 27 both reductions1007

do not change the cost of the optimal ordering. In order to compute the optimal ordering,1008

we apply the reductions repeatedly.1009

I Lemma 28. Consider a job a ∈ A and the subtree Ta of T rooted in a. If the contracting1010

reduction cannot be applied within Ta, then either Ta imposes a linear order of jobs or the1011

merge reduction can be applied within Ta.1012

Proof. Consider the lowest node x of Ta that has at least two children. Note that such1013

node exists if Ta is not a single path (which would impose a linear order on the jobs).1014

From the choice of x we have that each subtree rooted at x is a path. Moreover, since the1015

contracting reduction cannot be applied, we immediately have that the merge reduction can1016

be applied. J1017

It follows that, by applying the reductions, we obtain a tree T ′ that imposes a linear order1018

of jobs. It remains to show that the final ordering can be computed efficiently. To that end,1019

we need to assume that the utility function can be computed efficiently. In our algorithm,1020
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we compute the utility of sequences consisting of a single job and merge jobs during a merge1021

reduction. When this happens, two jobs a1 and a2 are replaced with one, which is equivalent1022

to executing a1 immediately followed by a2. Jobs a1 and a2 are discarded, which implies1023

that this step can be executed at most n− 1 times, where n is the initial number of jobs.1024

We say that a utility function can be maintained efficiently if we can compute the utility of1025

each individual job in O(1) time, including jobs that are created during a merge reduction.1026

I Theorem 29. Let (A,n, T, c) be an instance of the scheduling problem. Assume that there1027

exists a utility function u for (A,n, T, c) that can be maintained efficiently. Then, the optimal1028

ordering for (A,n, T, c) can be computed in O(n logn) time.1029

Proof. The algorithm is a recursive function that, given a node of T , replaces the subtree1030

rooted at T with a path (subtree imposing a linear order of jobs) without affecting the cost1031

of the optimal ordering. It turns out that we can reuse the existing algorithm from [2] that1032

proceeds analogously (the only difference is that it uses some particular utility function).1033

The algorithm is a simple implementation of the recursive function, using leftist trees. As1034

shown in [2] it runs in O(n logn) time. J1035

B.2 Optimal Algorithm for MineSweeper on Trees1036

I Theorem 8. Consider the instance I = (T, s, p, w) of the minesweeper problem, where1037

T is a tree. The optimal strategy, OPTMS, for MineSweeper on T can be computed in1038

O(n logn) time, where n is the number of vertices of T .1039

Proof. Observe that the minesweeper problem can be viewed as a job scheduling problem with1040

precedence constraints, where the jobs to be scheduled are nodes of T . In the minesweeper1041

problem, the goal is to produce an ordering of edges, but in the case of trees this is the same1042

as ordering the vertices. Namely, having ordered the vertices, we can produce the ordering of1043

edges by taking the edges connecting each vertex to the parent (and ignoring the first vertex1044

in the sequence).1045

Let {ai; 1 ≤ i ≤ n} be the set of vertices of T , a1 = s being the root of T . To simplify1046

notation, in the following, for 1 ≤ i ≤ n we denote by p(ai) the probability that the edge1047

(parT (ai), ai) materializes (we also set p(a1) = 1). An ordering a1 · a2 · . . . · an of vertices of1048

T defines a (nonadaptive) strategy for the minesweeper problem.1049

For a sequence of vertices b1 · . . . · bk in T define1050

W (b1, . . . , bk) =
k∑
i=1

w(bi)
i∏

j=1
p(bi)

 .1051

Then notice that W (a1 · . . . · an) is the expected payoff of the nonadaptive strategy that1052

probes the edges according to order a1 · . . . · an: Executing this strategy we collect a weight1053

w(ai) iff the process does not stop before reaching ai, that is, iff all the edges (parT (aj), aj)1054

for j = 2, . . . , i materialize.1055

To compute the optimal ordering of vertices of T , we use Theorem 29. To apply it, it1056

suffices to show that the job-scheduling problem we obtain admits a utility function and that1057

the function can be maintained efficiently.1058

Consider an ordering S = X1 ·X2 ·X3 ·X4 and let Pi be the probability that all parent1059

edges of vertices of Xi materialize. That is, for Xi = b1, . . . , bk, Pi =
∏k
j=1 p(bj).1060

Notice that we can write1061

W (S) = W (X1 ·X2 ·X3 ·X4) = W (X1) + P1W (X2) + P1P2W (X3) + P1P2P3W (X4).1062
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Furthermore, we have that the following inequalities are equivalent:1063

W (X1 ·X2 ·X3 ·X4) ≤W (X1 ·X3 ·X2 ·X4)1064

P1W (X2) + P1P2W (X3) ≤ P1W (X3) + P1P3W (X2)1065

W (X2) + P2W (X3) ≤W (X3) + P3W (X2)1066

W (X2)(1− P3) ≤W (X3)(1− P2)1067

W (X2)
1− P2

≤ W (X3)
1− P3

1068
1069

Hence, u(Xi) = W (Xi)/(1− Pi) is a utility function for this problem. Note that if Pi = 1,1070

then we can set u(Xi) to be equal to a fixed value M that is larger than any other utility1071

(this value can be the same, regardless of Xi). It is easy to see that this utility function can1072

be maintained efficiently by storing Pi and W (Xi) for each job Xi that we obtain as a result1073

of merging jobs. Thus, we can now apply Theorem 29 to complete the proof. J1074
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